STRONG ASYMPTOTICS FOR CHRISTOFFEL 
FUNCTIONS OF PLANAR MEASUES 



T. BLOOM* AND N. LEVENBERG 

Abstract. We prove a version of strong asymptotics of Christoffel func- 
tions with varying weights for a general class of sets E and measures fi 
in the complex plane C. This class includes all regular measures /j, in 
the sense of Stahl-Totik 14 on regular compact sets E in C and even 
allows varying weights. Our main theorems cover some known results for 
BCl, the real line; in particular, we recover information in the case of 
E — R with Lebesgue measure dx and weight w(x) = exp(— Q(x)) where 
Q(x) is a nonnegative, even degree polynomial having positive leading 
coefficient. 



1. Introduction. 

Let w(x) be a positive upper semicontinuous (use) function on the inter- 
val [—1,1]. Let {qj}j=i 2 be a sequence of orthonormal polynomials with 
respect to the measure dv{x) = w{x)dx where deg(/j = j — 1. Form the se- 
quence of Christoffel functions K n (z) := Y?j=i \lj( z )\ 2 - K * s straightforward 
to see that 

— log K n (z) -> log \z + \f z 2 - 1| 
2n 

uniformly on C as n — ► oo and hence 

(1.1) dunix) := [A(— \ogK n (x))]dx -> — 7 =L=dx 



2n vrVl 



x 



weak-* where A is the Laplacian. More generally, let E be a compact subset 
of C, w an admissible weight function on E, and a positive Borel measure 
on E such that the triple (E, w, fi) satisfies a weighted Bernstein-Markov 
inequality (see (12. 3|) ). If we take, for each n = 1,2, a set of orthonormal 
polynomials g| n \ —,q^2x with respect to the varying measures w(z) 2n d/j,(z) 
where degq^ = j — 1 and form the sequence of Christoffel functions K n {z) := 
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Y2j=i \lj \ z )\ 2 > then the functions ^ log K n (z) converge uniformly on C and 

(1.2) dfi n := A(±- log K n )^d^ q 

weak-* where uf q is the potential-theoretic weighted equilibrium measure 
(cf., 01, Lemma 2.3). 

A deeper result than (|l.ip for the interval [—1,1] is a stronger asymptotic 
for K n : 

(1.3) lim = Tt^Jl-x 2 /w{x) 
n— >oo n + 1 

a.e. on (—1, 1). In |16| . Totik generalized (jl.3p to certain "regular" measures 
dv(x) on the real line having compact support E where C \ E is regular for 
the Dirichlet problem (he later observed that the regularity assumption on 
E was unnecessary; cf., pT|, section 8). Here, the arcsine measure — ?= ^ dx 
is replaced by the (unweighted) equilibrium measure dfi eq (x) for E and the 
right-hand-side of (jl.3p is replaced by the appropriate Radon-Nikodym de- 
rivative. An earlier result of Totik (in [15]) gives an analogous generalization 
of (|1.2p in the special case where E is a finite union of intervals in the real 
line, fi is normalized Lebesgue measure dx on E, and w is a positive contin- 
uous function on E. That is, forming the sequence of Christoffel functions 
K n {x) := Y^j=i kj"^( x )| 2 > i n this case, the asymptotic relation 

(1.4) —^—K n (x)w(x) 2n dx -► dfiZ(x) weak-* 
n + 1 q 

holds. We will refer to any result similar to (jl.4l) as strong asymptotics of 
Christoffel functions with varying weights (this is not standard terminology) . 

Motivated by the study of statistical quantities related to distributions 
of eigenvalues of random matrices, Johansson [8] and others (cf., Pastur 
|llj and related articles) studied strong asymptotics of Christoffel functions 
with varying weights in the situation where E is the whole real line M. and 
w(x) = exp(— Q(x)) where Q(x) is an even degree polynomial with positive 
leading coefficient and Q{x) > on 1; e.g., Q{x) = x 2m , m = 1,2, .... We 
recommend Chapter 6 of Deift's elegant book [6j; for the reader's convenience 
we include a statement (Corollary 2.1) and proof of a result in this case. 
Recently there has been a flurry of activity in universality limits involving 
orthogonal polynomials on subsets of the real line - roughly speaking, the 
same (strong) asymptotics occur for a wide class of measures supported on 
the same set BcK. Very precise limiting behavior involving the reproducing 
kernels 

n+1 

K n (a;x,y) := J2lj( x hj(y) 
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where {qj}j=i2,... is a sequence of orthonormal polynomials (with positive 
leading coefficients) with respect to a measure d(i(x) on E C M have been 
studied for certain E and \i by Lubinsky, Simon, Totik and others (cf., |10j . 
[17j and [13]). We utilize very different techniques, motivated from several 
complex variables, to prove a general version of (jl.4j) for nonpolar compact 
sets E in the complex plane C and triples (E, w, /i) satisfying a weighted 
Bernstein-Markov inequality (Theorem 2.2). Our main tool is the corre- 
spondence between weighted potential theory in C and pluripotential theory 
(the study of plurisubharmonic functions) in C 2 as developed in [3] . We also 
make use of some generalizations of certain statistical quantities described in 
[Bj. A crucial difference between our approach and that of Johansson is that 
we use potential theoretic consequences of measures satisfying a Bernstein- 
Markov inequality to prove the existence of "free energy" (Theorem 2.1). 
Our "large deviation" estimate (Proposition 4.2) is then a straightforward 
consequence of this result and the existence of the limit in (2.1); this lat- 
ter item is a standard fact in potential theory. An alternate approach to 
studying strong asymptotics of Christoffel functions with varying weights in 
C^, N > 1 has been developed by Berman (cf., [1], [2]). 

To keep the article self-contained, we include some brief background ma- 
terial on weighted potential theory in C and pluripotential theory in C 2 . 
We refer the reader to [3] for details of stated results. For more on general 
univariate weighted potential theory, we refer the reader to [12] ; for more on 
general pluripotential theory, we refer the reader to [9]. 

In the next section, we give the relevant definitions and state our main 
results, Theorems 2.1 and 2.2. We prove Theorem 2.1 in section 3 and 
Theorem 2.2 in section 4. Corollary 2.1 is proved in section 5. 

We would like to thank Vilmos Totik for his valuable comments; in par- 
ticular, for kindly pointing out several recent papers on universality. 

2. Main results. 

In this paper, we let E C C be a closed set with an admissible weight 
function w: w is a nonnegative, upper semicontinuous function on E with 
{z £ E : w(z) > 0} nonpolar (in particular, E is nonpolar); if E is un- 
bounded we require also the growth condition |z|u;(z) — > as \z\ — ► oo. It 
turns out that S w is always bounded (Theorem 1.3, p. 27 of [12J ) . 

The limit 

(2.1) lim [m a x\VDM(\ ,...,\n)\w(\o) n ---w(\ n ) n ] 2/n2 :=5 W (E) 

exists and is called the weighted transfinite diameter of E (with respect 
to w). Here VDM(d, ( n ) = det[Ct\j=i,...,n = U j<k (Cj ~ GO is the 
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classical Vandermonde determinant. Points Ao, A n E E for which 
\VDM{X ,...,X n )\w(X ) n ---w(X n ) n 
1 Ao ... Aq 



det 



1 X n ... A 



w(X ) n ■ ■ ■ w(X n ) n 



is maximal are called weighted Fekete points of order n. The quantity 5 W {E) 
in (|2.ip comes from a discrete version of a weighted energy minimization 
problem: for a probability measure r on E, consider the weighted energy 

r»( T ) := [ [log 1 dT(t)dT( Z ). 

JeJe \z - t\w{z)w{t) K> K ' 

Then 

(2.2) inf J w (r) = - log S w (E) 

T 

where the infimum is taken over all probability measures r on E. Moreover, 
the infimum is attained by a unique measure /i™ . If w = 1 we are in the 
classical (unweighted) case and we simply write fj, eq . We remark that there 
exists rj > such that the support S w of /i™ is contained in {z £ E : ^(z) > 
r/} (Remark 1.4, p. 27 of [12J). 

A weighted polynomial on E is a function of the form w(z) n p n (z) where 
p n is a holomorphic polynomial of degree at most n. Let fi be a measure 
with support in 2£ such that (£", to, (j) satisfies a Bernstein-Markov inequality 
for weighted polynomials (referred to as a weighted B-M inequality in [3]): 
given e > 0, there exists a constant M = M(e) such that for all weighted 
polynomials w n p n 

(2-3) |k>n||B <M(l+e) n \\w n p n \\ L 2 M . 

In this setting, we will restrict our attention to compact sets E. 

For a compact set K C and a measure on K, we say that the pair 
(K, v) satisfies the Bernstein-Markov inequality for holomorphic polynomials 
in if, given e > 0, there exists a constant M = M(e) such that for all 
such polynomials Q n 

(2-4) \\Qn\\K <M(l + e) n \\Q n \\ L2{u) . 

The terminology "Bernstein-Markov" in this context is standard in several 
complex variables. Our main results are as follows. 

Theorem 2.1. Let E be compact and let (E,w,/i) satisfy a Bernstein- 
Markov inequality for weighted polynomials. Then 

lim Z^ n2 = 8 W {E) 
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where 

(2.5) Z n = Z n (E,w,(j,) := 

\VDM(X f > \ n )\ 2 w(X ) 2n • • • w(X n ) 2n dfi(X ) ■ ■ ■ d^X n ). 

mx 
>ol 



Theorem 2.2. Let E be compact and let (E, w, /i) satisfy a Bernstein- 
Markov inequality for weighted polynomials. Define the probability measures 

dnn(z) :=^R ( ( l \z)w(z) 2n d^z) 

where 

(2.6) i?[ n) (z) : = 

\VDM(X , .., A n _!, z)\ 2 w(X ) 2n ■ ■ ■ ^(A n _i) 2n ^(A ) • • • ^(A n _i). 
Then dfi n (z) — > dfj,f q (z) weak-*. 

Utilizing similar arguments as in the proof of Theorem 12.14 we obtain 
another proof (cf., [6], Chapter 6) of the following. 

Corollary 2.1. Let w(x) = exp(—Q(x)) where Q(x) is a nonnegative, even 
degree polynomial on the real line R having positive leading coefficient. Then 

(2.7) lim Z]l n2 = ^(R) 

n^oo 

where 

Z n = Z n (R,w,dx) := 
\VDM(X , X n )\ 2 w(X ) 2n ■ ■ ■ w(X n ) 2n dX ■ ■ ■ dX n . 

Remark 2.1. We observe that with the notation in (|2.6p and (|2,5p 

jj(n), \ 1 n+1 

(2.8) S_M = _l_y><»> W |* 

where Q^li are orthonormal polynomials of degree 0,1,.. .,n with 

respect to the measure w(z) 2n d/i(z); hence Theorem 12.21 generalizes f|1.4|) . 
To verify (|2,8p . if we apply Gram-Schmidt in L 2 (w 2n fj.) to the monomials 
1, z, z n to obtain orthogonal polynomials Pi(z) = 1, ...,p^ 1 (z), we have, 
upon using elementary row operations on VDM(Xo, A n _i, z) and expand- 
ing the integrand in (|2.6p . 



i,s jEn 



P?J{X )...p?J{z) P T \X )...pt\z)w{\o? 
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• • • w(A n _i) 2n <i^(Ao) • • • dyu(A n _i) 
J>(7) -a(S)[ [ ^ ) (A )^ ) (Ao)^(Ao) 2n ^(A ) 



D j:\(A„_ 1 )pii 1 (A n _ 1 )^(A„_ 1 ) 2 ^ / ,(A n _ 1 )]^ ) (.)pi: ) (z) 

*E 

n+l 

(2.9) =n!^(nibf ) Hi 2(w2 n M) )|pf ) (,)| 2 . 

Here I = («o, •••>%) an d 5* = (so; s n ) are permutations of (0, 1, n) and 
<y{I) is the sign of I (+1 if I is even; —1 if / is odd). Then 



Z n = R i C\z)w{z) 2n d l i{z) 



n+l „ 

niEcnibhli^,) / i^wiM*) 3 "^*) 



n+l n+l n+l 

(2.10) = n!^(n Ib^lli.^,) = (^+1)! I[ WP^Wh^y 

j=l i=l i=l 

Dividing by (mUD yields (USD since |^ n) (z)| = \pf ] {z)\/\\pf ] \\ L 2 {w 2 n ^. 

In particular, then, if we take £ to be a finite union of intervals on the 
real line, dp(x) = dx = Lebesgue measure on E, and w positive and con- 
tinuous, then (E, w, dx) satisfies a Bernstein-Markov inequality for weighted 
polynomials (see Remark 2.2 below). Theorem 12.21 gives 

1 n+l 

[ V \qt\x)\ 2 } ■ w{x) 2n dx -» p{x)dx 

n + l ^— ' J 
3=1 

weak-* where p(x)dx = dp'^ q (x). For such E and w, under the additional 
hypotheses that p be continuous on an interval J in Int-E - this occurs if 
J C Int(/Su,) and w is C 1+e on a neighborhood of J - Totik [15] proved that 

-. n+l 

[— T £l?J%)l 2 W*) 2n ->p(s) 

n + l 7 

uniformly on J. 

For more general subsets Eel and measures u such that (-E, /i) satisfies 
a Bernstein-Markov inequality, if w = 1, Theorem 2.2 implies 

j n+l 

[— TT 2 M x )| 2 ] d M x ) ~» d/i eg (x). 
" + 3=1 
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In [16] , Totik proves this result for a regular compact subset E of R (C \ E 
is regular for the Dirichlet problem) with a "regular" measure [i. According 
to Theorem 3.2.3 of [14], for a regular compact set E, regularity of [i is 
equivalent to (E, /i) satisfying a Bernstein-Markov inequality. 

Remark 2.2. If E is a regular compact set in C, then (E,/i eq ) satisfies 
the Bernstein-Markov inequality. More generally, for such E, if w is an 
admissible continuous weight function, then the triple (E, w, fj,f q ) satisfies a 
Bernstein-Markov inequality for weighted polynomials (cf., Corollary 3.1 [3]). 
We mention that Theorem 4.2.3 of [H] provides a sufficient condition for the 
pair (E, fi) to satisfy a Bernstein-Markov inequality when E = supp/i C C is 
a regular compact set. For instance, a finite union E of intervals is regular, 
and (E, dx) satisfies this sufficient condition where dx is Lebesgue measure 
on E. If u; is a positive, continuous weight on E, appealing to Theorem 3.2.3 
(vi) of [H] with g n = w 2n , it follows that (E,w,dx) satisfies a Bernstein- 
Markov inequality for weighted polynomials. 

Remark 2.3. In the setting of [6], where E = R and w{x) = exp(— Q(x)) 
with Q(x) an even degree polynomial having positive leading coefficient and 
Q{x) > on R, Corollary |2.1l is referred to as the existence of the free energy 
(Corollary 6.90 in [6]). Note that w is an admissible weight. 

3. Proof of Theorem 2.1. 

We let E C C be a nonpolar compact set with an admissible weight 
function w. Following [3], we define the circled set 

F = F(E, w) := {(t, z) = (t, Xt) G C 2 : A G E, \t\ = w(X)}. 

We first relate weighted univariate Vandermonde determinants for E with 
homogeneous bivariate Vandermonde determinants for F. To this end, for 
each positive integer n, choose n + 1 points {(U, £i)}i=o,... n i n F and form 
the n— homogeneous Vandermonde determinant 

VDMH n ((t ,z ), (t n ,z n )) := det[t^ z{] . j=Q> n . 

Note that we evaluate the n + 1 homogeneous monomials 

t n ,t n - 1 z,...,tz nr - 1 ,z n 

at the n + 1 points {(U, Zi)}i=o,...,n- Factoring tf out of the i—th row, we 
obtain 

VDMH n ((t , z ), (t„, z n )) F£>M(A , .... A n ); 
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i.e., 



(3.1) 



j.n j.n—1 
t Q t Q Z 



j.n +n—l 7 
b n b n 



c ' ' ' l n 



1 An ••• An 



1 A n 



A!: 



where Xj = Zj/tj provided tj ^ and VDM(\q, X n ) = Y\j <k (Xj — A&) is a 
standard (univariate) Vandermonde determinant. By definition of F, since 
(ti, Zi) G F, we have \ti\ = w(Xi) so that from (|3,ip 

\VDMH n ((t , z ), (t n , z n ))\ = \VDM(X , X n )\w(X ) n ■ ■ ■ w(X n ) n . 

Thus 

max \VDMH n ((t , z ), (t n , z n ))\ = 
max \VDM(X , X n )\w(X ) n ■ ■ ■ w(X n ) n . 
Note that the maximum will occur when all \tj\ = w(Xj) > 0. Now the limit 



lim I" max \VDMH n ((t , z ), (t n ,z n 



I l/n 2 



--: D H (F) 



exists (the homogeneous bivariate transfinite diameter D H (F) of F; cf., [7]); 
also, as previously mentioned, the limit 

,2/n 2 



lim \max\VDM(X , A n )|w;(Ao) n • • • w(X r 

n—nx L \ i £E 



5 W (E) 



exists (the weighted transfinite diameter of E with respect to w) and thus 
we have 

(3.2) S W (E) = D H {F) 2 . 

Let fi be a measure with support in E such that (E, w, /i) satisfies a 
Bernstein-Markov inequality for weighted polynomials. Note that the inte- 
grand 

\VDM(X ,...,X n )\ 2 w(^) 2n ---w(X n ) 2n 

in the definition of Z n in (12. 5|) thus has a maximal value on E n+l whose 1 /n 2 
root tends to 5 W (E). To show that the integrals themselves have the same 
property, we proceed as follows. On the set FcC 2 , there exists a measure 
v associated to [i such that (F, v) satisfies the Bernstein-Markov property 
for holomorphic polynomials in C 2 ; i.e., (12. 4j) holds. Indeed, take 



v := m\ (8) fx, X G E 

where m\ is normalized Lebesgue measure on the circle \t\ = w{X) in the 
complex t— plane given by 

C A :={(MA) GC 2 :teC}. 
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That is, if <p is continuous on F, 

/ </>(t,z)dv(t,z) = / [/ (f>(t,tX)dmx(t)]dfi(X). 
Jf Je Jc x 

Equivalently, if tt : C 2 — > C via 7r(i, z) = z/i := A, then tt*(i>) = {i. Moreover, 
if pi(t, z) and P2{t, z) are two homogeneous polynomials in C 2 of degree n, 
say, and we write 

Pj (t, z) = Pj {t, Xt) = t n Pj (l, A) =: t n Gj(X), j = l,2 

for univariate Gj, then it is straightforward to see that 

(3.3) / Pl (t,z)p~^z)dv(t,z) = [ G 1 (X)G^(X}w(X) 2n d t x(X) 



(cf., [3], Lemma 3.1 and its proof). Note that if p(t, z] = t l z n 1 for i = 
0, n, then 

p(t,z) = t n (z/t) n ~ i = t n G(X) 

where G(X) = X n ~\ 
Proposition 3.1. Let 

Z n := / \VDMH n ((t , zq), (t n , z n ))\ 2 du(t , Zq) ■ ■ ■ dv(t n , z n ). 
Then Z n = Z n . 

Proof. Using the notation from the proof of (|2.8p . expanding the homoge- 
neous Vandermonde determinant in Z n gives 



Z n = V a(I) ■ a(S) [ [ ^z^XX'^Mto, 
1% Jf 



Expanding the ordinary Vandermonde determinant in Z n gives 

Z n = ^ a(I) ■ a(S) [ f A^° AlPV(Ao) 2n 4u(Ao) • • • 
i,s Je 



Xl'^Xl Sn w{X n ) 2n dn{X n )}. 
Since \tj\ = w(Xj), using (|3.3p completes the proof. □ 

We need the following result, Theorem 5.9 of [7j, which is the homogeneous 
analogue of Theorem 3.3 in [5]. 
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Proposition 3.2. Let F C C 2 be a circled set and let v be a measure with 
support in F such that (F, v) satisfies the Bernstein-Markov property. Then 

D H {F) = lim g l J 2n2 

where 

Q n := det[j F-Wr- i z i dv(t,zj\ . . =0> n 
is the n—th homogeneous Gram determinant associated with (F,v). 

The last step is to work in C 2 with the Z n integrals and verify the follow- 
ing. 

Proposition 3.3. We have 

lim Z]j 2nl = D H (F). 

n—>oo 

Proof. Fix n and consider the monomials 

t n ,t n - 1 z,...,tz n - 1 ,z n 

utilized in VDMH n ((to, Zo), (t n , z n )) and in the computation of the Gram 
determinant Q n associated to (F,u). Use Gram-Schmidt in L 2 (v) to obtain 
orthogonal polynomials 

P0 (t, Z) = t n , Pl (t, Z) = t n ~ l Z + ■■■ , ..., Pn (t, Z) = Z n + • • • . 

Then 

VDMH n ({t ,z ),...,(t n ,z n )) = det[p i (* J - ) Zj)]y =0 ,...,„- 

By orthogonality, as in the calculation of Z n in proving (|2.10p in the intro- 
duction, we obtain 

Z n = (n + l)!|bo|||2 (iy) • • • \\Pn\\ 2 L 2 {v y 

On the other hand, using the orthogonal polynomials diagonalizes the n—th 
Gram matrix while preserving its determinant; hence 

Gn = \\P0\\ 2 L 2 {u y\\Pn\\ 2 L 2 (u y 

From Proposition 13, 2\ we have 

n lim(||p |l! 2H ---|Kll! 2H ) 1/2 " 2 =^(F) 
and the result follows. □ 



Combining Propositions 3.1 and 3.3 with equation (|3.2p completes the 
proof of Theorem 12.11 □ 
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Remark 3.1. A version of Theorem 12.11 is valid in for N > 1. Here, in 
the definition of Z n in (|2.5p . we replace VDM(Xi, A n ) by the generalized 
Vandermonde determinant 

VDM{X 1 ,...,Xh n ) ■= \det[ei(\j)]i >j=1 ,..., hn \ 

where e\(z), ei(z), e^ n (z) is a listing of the monomials in C N of degree 
at most n. If £ n = X^=idegej, the result is then that 

lim Z]l 2in = 5 W {E) 

where in (|2. 1 j) we use 

5 W (E) := lim [max \VDM(\ U AftJKAi)" • ■ ■ ^h n ) n ] V ' n - 
Details of this and related results will be given in a future work. 

4. Proof of Theorem 2.2. 

As in the previous section, we let E C C be a nonpolar compact set 
with an admissible weight function w. Let /x be a measure with support in 
E such that (E, w, ji) satisfies a Bernstein-Markov inequality for weighted 
polynomials. We will need the following fact, which is claimed in Remark 
1.4 on p. 147 of |12j . This says that for any doubly indexed array of points 

}fc=i,...,rij-; j=i,2,... in E which satisfies asymptotically the relation (12. ip . 
the limiting measures 

m 

1 , , 

(4.1) d ^-=— XX ( ^ 

n i k=i k 

have the same weak-* limit, the weighted equilibrium measure dfi™ . 

Proposition 4.1. Let E C C be compact and let w be an admissible weight 
on E. If, for a subsequence of positive integers {rij} with nj j oo, the points 

«2 , ...,z£ E E are chosen so that 

lim [|^M(z^■^...,4 ^ ■ ) )|v^^' ) )^•••^4' ) ) 2rli ] 1/,l3 = r ^)> 

f/ien d/i nj - — > dp^ q weak-* where d[x n . is defined in f^, 

We recall that the support S w of fif q is contained in E v := {z G i£ : 
w(z) > rj} for some r/ > and we mention that the proof on p. 146 of [12] 
for weighted Fekete points works verbatim under the assumption that the 
points , ...,Zn, lie in Efj for some f\ > 0. For the reader's convenience, 
and since we do not make this assumption, we include a proof of Proposition 
4.1. 
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Proof. Take a subsequence of the measures {fJ- nj } which converges weak-* to 
a probability measure a on E. We use the same notation for the subsequence 
and the original sequence. We show that I w (o~) = — log5 w ; by uniqueness 
of the weighted energy minimizing measure (|2.2ft we will then have a = n™ q . 
First of all, choose continuous admissible weight functions {w m } with w m [ w 
and w m > a m > on E and for a real number M let 

hM,m(z, t) := min[M, log : -— ] < log ■ 



\z - t\w m {z)w m (t) \z - t\w m (z)w m (t) 

and 

1 1 

h M (z, t) : = min[M, log , ] < log 

\z — t\w(z)w(t) \z — t\w(z)w(t) 

Then hM,m — ^M- By the Stone- Weierstrass theorem, every continuous 
function on Ex E can be uniformly approximated by finite sums of the form 
Ylj fj( z )gj(t) where fj,gj are continuous on E; hence fi nj x fj, n . — > a x a 
and we have 

I w (a) = lim lim / / Km m (z,i)do~(z)do~(t) 

M-^oam-*ooJ E J E 

= lim lim lim / / h M , m (.z,t)d[j, n Az)d^ n At) 
M^co m-»oo j^oo J E J E 

< lim limsup / / h M {z,t)dpL n Az)dli n At) 
since /iM, m < /im- Now 

M*^'^) < log^ K), 7 (nj)s ; Wh 

\ z k ~ z l \ w \ z k ) w \ z l ) 

if k ^ I and hence 

hM(z,t)dfj, n Az)dfi n At) < 



1 . , , 1 , . 1 



— m + {-^ — )ryiog^— . . 

J J 3 kjLl \Z k - Z x \W(Z k )W{Z X ) 

By assumption, given e > 0, 

for j > j(e); in particular, w(^ nj ^) > for such j and hence 

I w (a) < lim limsup —M — log[5 w (E) - e] = -log[5 w (E) - e] 
for all e > 0; i.e., i™0) = -log^E). □ 
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We also need a "large deviation" result, which follows easily from Theorem 
2.1. Define a probability measure V n on E n+1 via, for a Borel set A C E n+1 , 

V n (A) := -L f \VDM(z , z n )\ 2 w(z ) 2n ■ ■ ■ w(z n ) 2n dfi(z ) • • • dfi(z n ). 

J A 

Proposition 4.2. Given rj > 0, define 

A — 

{(z ,...,z n ) e E n+1 : \VDM(z ,...,z n )\ 2 w(z ) 2n ---w(z n ) 2n > (S w \E)-nf}. 
Then there exists n* = n*(rj) such that for all n > n* , 

K(^ +1 \^)<(i-^yr 2 . 

Proof. From Theorem 2.1, given e > 0, 

Z n >[6 w (E)-ef 

for n>n(e). Thus 

V n (E n+l \A ntr ,) = 
[ \VDM(z , z n )\ 2 w(z ) 2n ■ ■ ■ w(z n ) 2n dfi(z ) ■ ■ ■ dfi(z n ) 



'B«+ 1 \A„,„ 



, [8 W (E) -rf\ n2 



[S W (E) — e] n 

if n > n(e). Choosing e < rj/2 and n* = n(e) gives the result. □ 
To prove Theorem 2.2, we fix <j) £ C(E). Recalling that 

dfi n (z) := -^R^(z)w(z) 2n d f i(z), 

for each n we have 

(f>(z)dn n (z) 



Se 



E 

X - [ <l>{z)(f \VDM(z ,...,z n - 1 ,z)\ 2 w(zo) 2n ---w(z n - 1 ) 2n 

J E JE n 

dn(z ) ■ ■ ■ d/j,(z n - 1 ))w(z) 2n dn(z) 
= ^r I Hzn)\VDM(z , z n )\ 2 w(z ) 2n ■ ■ ■ w(z n ) 2n d^z ) ■ ■ ■ d^{z n ) 

/ 2^=0 <?l i> \ VDM{z0j Zn) f w ( Zo fn . . . w{zn fn Mz()) . . . 

Ai Je^ 1 n + l 

1p n (zo, ■■■,Zn)dV n (z , ... 



f 



where M^-^n) == ^P 1 - 
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Now take a sequence {rjj} with rjj [ and a corresponding sequence {rij} 
with rij > n*(rjj) from Proposition 14.21 and n-,- f oo. By choosing n,j larger if 
necessary we may assume that 

t _ _ _J}3_\n 2 i 
25 W {E)- 



(4.2) n) m T oo so that (1 - -» 0. 



Choose points Zq , G A njyVj with 



V , n ? (4 nj) ' ) = , max ^ n (w ,...,w n .). 



'0 J—V-f.j / " r» r 



If |0| < M on E 1 , then |^> n J < M on £J n J+ 1 ; using the large deviation result, 
Proposition 4.2, and (|43|) . 



limsup/ 4>(z)dfi nj (z) = limsup / 4> nj dV nj 

j-+oo J_B ' J^oo J E n i + 1 

= liniSUp[/ IprijdVnj •+ / IpnjdVnj] 

rij 

= limsu p^— tE 



(4^ 



^oo * fc=0 



Now since z^ nj \ z^ G ^n^-; 



so that 

lim (|yZ>M(4 nj) , ...,^ ) )|V4 n, ' ) ) 2fy • • ■^(^ ) ) 2n 1/n? = -H^)- 
By Proposition 14. 1\ 

rii 

1 

»i + 1 fro 2fe 

Thus 
and hence 



(4.3) limsup / 0(z)dn nj (z) < / <P(z)d^ q {z). 

j^oo JE 
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Applying (|4.3p to — <f> we obtain 



i.e., 



limsup / (-<p{z))d^ nj {z) < / (-(p(z))d^ q (z); 

j^oo JE JE 



liminf / <j>(z)dfj, nj (z) > / (p(z)dfi^Jz), 
./£ JE 



so that 



(4.4) lim / cj>(z)dti n .(z) = [ <P(z)d^ q (z). 

O^^JE JE 

Thus for any sequence of positive integers increasing to infinity we can choose 
a subsequence {nj} satisfying (|4.2p for some rjj [ so that (|4.4p holds; hence 
dfj, n (z) — ► dfifJz) weak-*. □ 

Remark 4.1. More generally, if we consider, for any positive integer m > 1, 
the generalized m— point correlation functions Rm\z\, ...,z m ) defined as 

R%\zi,...,z m ) := [ \VDM{Xq, \ n - m , Zi, z m )\ 2 - 

J En-m + l 

w(\v) 2n ■ ■ ■ w(X n - m ) 2n dfi(X ) ■ ■ ■ dfj,(X n - m ), 
then one may verify that 

—R^\zi, z m )w{zi) 2n ■ ■ ■ w(z m ) 2n dfi( Zl ) ■ ■ ■ dfi(z m ) 

converge weak-* as n — > oo to dfi™ q (zi) ■ ■ ■ dfj,f q (z m ). See [6] for the case 
E = R and w{x) = exp(— Q{x)) where Q(x) is an even degree polynomial 
with positive leading coefficient and Q(x) > on R. In our setting, one 
may prove the analogue of Lemma 6.77 of [6] with slight modifications and 
then the proof of the analogues of Corollary 6.94 and Theorem 6.96 follow 
word-for-word. 



5. Proof of Corollary 2.1. 

We indicate the modifications needed to prove Corollary 12.11 We have 
E = R, {j, = dx and w(x) = exp(— Q(x)) with Q{x) an even degree polyno- 
mial having positive leading coefficient and Q(x) > on R. As mentioned 
in section 2, it is known that for unbounded sets and admissible measures, 
the support S w of the weighted energy minimizing measure \^ q is compact. 
Related to this is the observation that the L 2 — norms of our weighted poly- 
nomials essentially "live" on a compact subset of R (cf., Theorem III. 6.1 of 
|12j). To be precise, we can take £ to be a large enough compact interval 
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in R so that S w C E and such that there exist positive constants a and b 
independent of n and p n so that if p n is a polynomial of degree at most n, 

(5.1) / \p n {x)\ 2 w{x) 2n dx<{l + ae- bn ) [ \p n {x)\ 2 w{xf n dx. 
Jr Je 

We apply Gram-Schmidt in L 2 (w 2n dx) to the monomials l,x,...,x n to 
obtain orthogonal polynomials p{\x) = 1, ...,p^h(x); and we apply Gram- 
Schmidt in L 2 (w 2n dx\ ^) to the monomials l,x,...,x n to obtain orthogonal 
polynomials q^(x) = 1, gj^Ma;). From (|5.ip . 

(5-2) Ibflll^n^ < (1 + oe-^JIIpWlli,^, j and 



ll^llia^n^) < (1 + ae 6(J 1) )|kj' l) |li2 (tu 2n d:r | j . ) . 

Also, from the definitions of the orthogonal polynomials, we have 
(5-3) 

so that, combining (|5.2|) and ()5.3|) . 
(5-4) 

I k] n) I |La( w a»cte| fi ) < IIP/ llLa(w**cte| fi ) < { 1 + ae~ K3 ~ 1) ) 1/2 \\qf ) \\ L 2 {w 2 ndx \^y 
As in Remark 2.1, 

= 2:„(M,w,dx) := 
\VDM(X , A n )| 2 ^(A ) 2n • • • w(X n ) 2n d\ ■■■d\ n 

n + l 

can be written as (see (|2.10p ) 

n+l 



Z n = (n + l)\l[\\pf\\l 2{w2ndx y 

i=l 

Note the L 2 — norms are finite because of the decay as |x| — > oo of w(x). 
Using ([OP . 

Ibf < (l+^-^- 1) )||p;" ) Hi 2(w2 ^ b) < (l+ae-^- 1 ))!!^ 'll^^,; 

multiplying these inequalities for j = 1, ...,n + 1 and taking n 2 — roots, we 
see that 

n+l 

i=i 

provided this limit exists. 
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On the other hand, applying Theorem l2.1l and (|2.10|) to (E, w, dx\ ^) (recall 
Remark 2.2), we have 

n+l 

(5.6) Em[(n + 1)! II H^Hl^^)] ^ = <H^- 

i=l 

But since /U^i has support in from (|2.2p . 

(5.7) = 5 W (]R). 

The proof of (|2.7p . including the existence of the limit, now follows from 
(j53j) . ([52]) and (j577j) by applying ([5H) . 

□ 
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